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. The time operator, an operator which satisfies the canonical commutation 

f"*) ' relation with the Hamiltonian, is investigated, on the basis of a certain alge- 

braic relation for a pair of operators T and H, where T is symmetric and H 
£NJ ■ self-adjoint. This relation is equivalent to the Weyl relation, in the case of 

' self-adjoint T, and is satisfied by the Aharonov-Bohm time operator To and 

, the free Hamiltonian Ho for the one-dimensional free-particle system. In order 

^"* >l | ■ to see the qualitative properties of To, the operators T and H satisfying this 

algebraic relation are examined. In particular, it is shown that the standard 
deviation of T is directly connected to the survival probability, and H is abso- 
lutely continuous. Hence, it is concluded that the existence of the operator T 
implies the existence of scattering states. It is also shown that the minimum 
uncertainty states do not exist. Other examples of these operators T and H, 
' than the one-dimensional free-particle system, are demonstrated. 
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I. INTRODUCTION 



The concept of the time operator is strongly connected with the time-energy uncertainty 
relation. The time operator, denoted by T, is usually denned to satisfy the canonical com- 
mutation relation (CCR) with the Hamiltonian H : [T, H] = i (sec |IJ and the references 
therein). If such an operator were defined consistently on the Hilbert space corresponding 
to a certain quantum system, then the time-energy uncertainty relation could be automati- 
cally reduced from the Cauchy-Schwarz inequality, as in the case between the position and 
momentum operators on L 2 (R}). For instance, if we take the operator To suggested by 
Aharonov and Bohm as a time operator for the one-dimensional free-particle system 
(1DFPS), we formally have [To, Ho] = i and derive the uncertainty relation between To and 
Ho. Here Ho := P 2 /2 is the free Hamiltonian for the 1DFPS, and To is defined as 

To:=\{QP- 1 +P- 1 Q), (1) 
where Q and P are the position and momentum operators on L 2 (R 1 ) (more precise definition 



is given in Sec. III). To is often called the Aharonov-Bohm time operator. It is, however, not 
clear whether the inverse P^ 1 could be well-defined. We should also remember the criticism 
posed by Pauli ||, although it is not rigorous, that the time operator can not necessarily be 
defined for all quantum systems without contradiction. Furthermore the physical meaning 
of the time operator, if any, still remains unclear. 

We shall base our discussion on the axiomatic quantum mechanics. Then it is possible to 
comment on the above difficulties from the axiomatic points of view. We first see that the 
inverse P^ 1 is a well-defined self-adjoint operator on L 2 (R}) (more details are given in Sec. 



III). Recently, the operator Tq was shown to be well-defined, and its mathematical character 
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was clarified, through the study of the time-of-arrival problem pj. Observe that in Pauli's 
criticism, it is implicitly assumed that if there exists a self-adjoint operator T which satisfies 
the CCR with the Hamiltonian H for some system, 

THiP - HTif) = iip, G Dom(TiT) n Dom(ffT), (2) 

one would be able to derive the following relation 

He ltT 4i = e leT (H + e)ip, VV> G Dom(iT), Ve G R 1 . (3) 

We have to be careful, however, about this kind of logic, since it is not generally true whereas 
its converse is true. For example, consider a pair of operators, the position and momentum 
operators on T 2 ([0, 1]), Q and P, for the above T and H, respectively ||. They satisfy Eq. 
(||) but Eq. (||) is satisfied only for the particular values e = 2nn, n£Z, since, in order that 
P be self-adjoint, the domain Dom(P) has to be supplemented with a boundary condition 
■0(0) = 9ip(l) with a fixed 9 G C, |0| = 1, Wip G Dom(T) ||. Furthermore, there is no 
a priori reason why we have to consider the time operator an observable, that is, a self- 
adjoint operator: we don't have any interpretation of the time operator as an observable. 
In this paper, we shall require the time operator be symmetric, satisfying Eq. (Q) with the 
Hamiltonian, but not necessarily be self-adjoint. 

The investigation of the time operator is important to understanding the time-energy 
uncertainty relation, and may have a significance for the analysis of the dynamics of quantum 
systems. A reason for the latter is that the time operator is directly connected to the 
Hamiltonian through the CCR, and this is algebraically so strong relation between operators 
as to prescribe qualitative aspects of their spectra, we can expect that the time operator 
brings us information about qualitative aspects of the time evolution of quantum systems. 
Hence, our purposes here are to examine for which quantum systems such a symmetric time 
operator is allowed to exist consistently, and to disclose its relevance to the dynamics of the 
quantum system under consideration. 

From what is mentioned above, the investigation of the time operator is involved in that 
of the commutator (not necessarily canonical). The connection between the commutator of 
the form [H, iA] — C (C > 0) and the spectra of self-adjoint operators, H, A and C, has 
been widely studied by Putnam [{tJ , Kato ^| , Lavine (s) , JIo| , and others (see also [[[]]] ) . We 
here, however, restrict our consideration to the more strong form, which will be called the 
"T-weak" Weyl relation. 

Definition 1.1 : Let H be a Hilbert space, T be a symmetric operator on Tt, and H be 
a self-adjoint operator on TL. If, for any ip G Dom(T) and for any t G R 1 , the relations 
e~ itH ip G Dom(T) and 

Te- UH Tp = e- ltH {T + t)^P (4) 

hold, then a pair of operators T and H is said to satisfy the T-weak Weyl relation (T-weak 
WR), or T (H) is said to satisfy the T-weak WR with H (T). 

One can find, from the above definition, that Dom(Te" 4iff ) = Dom(T), Vt G R 1 . Thus the 
T-weak WR are represented merely by 

Te~ ltH = e~ UH {T + t) 1 Vt G R 1 . (5) 

It will follow that the time operator To, in Eq. (|l|), is a symmetric operator on L 2 (R}) and 
one of its symmetric extensions, denoted by Tq, satisfies the Tp-weak WR with Hq (see Sec. 



III). Thus as long as to see the qualitative properties of To (or To), it may suffice to examine 
the T-weak WR and the operators T and H satisfying this relation, by paying a particular 
attention to their spectra and to the uncertainty relation between them. We have obtained 
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the fact that the time operator is deeply connected to the survival probability. Indeed, if a 
pair of operators T and H satisfies the T-weak WR, the following inequality 



4 (AT)' || V|| 



t 2 



> 



\{iP,e- UH ij}) 



(6) 



holds for every ip S Dom(T) and for every t € R 1 \{0}, where (AT)^ is the standard 

deviation of T with respect t o ip , and 
t. This is shown in Theorem 



4.1 



| (ip, e ltH ip K ) | is the survival probability of ip at t ime 



4.3 



As an application of this inequality, we have Corollary 
which states that H has no point spectrum. Furthermore, it is shown that H is absolutely 
continuous jl2||, as in Theorem |4.4| . This means that the existence of the time operator, 
which satisfies the T-weak WR with the Hamiltonian for some system, infers that the system 
consists of only scattering states. Also, in Theorem 5.1, the absence of minimum- uncertainty 
states, for the uncertainty relation between T and H, is proved, under some condition 

satisfied by the operators To and Hq . 

In Se c. P , the connection among the CCR, Weyl relation, and T-weak WR is mentioned. 
Section 111 is devoted to the brief study of the Aharonov-Bohm time operator in Eq. ([[]), 



to see a sign of the deep connection between the operator T and the survival probability, 

They include t he in equality (^) and the spectral 
Theorem |3~4|. Theorem 5T is proved in Sec. |v|. Further 



followed by several statements in Sec. IV 
properties of both T and H 



e.g. 



discussion about the time operator is developed in Sec. VI, on the basis of the results of the 
preceding sections and of the theory of Schrodinger operators. We mention other quantum 
systems than the 1DFPS for which an operator T exists, to satisfy the T-weak WR with 
the Hamiltonian. In fact, for a certain class of quantum systems, time operators are easily 
constructed by unitary transformations of Tq. Concluding remarks are given in Sec. VII. 



II. THE CANONICAL COMMUTATION RELATION, WEYL RELATION, AND 

T-WEAK WEYL RELATION 

The T-weak WR in Eq. (f§ or (|) is characterized more clearly, in the Heisenberg picture. 
The T-weak WR is represented, in an alternative form, as 

T t = T + tI, VteR 1 , (7) 

where T t := e ltH Te~ ltH . It is now clear that T, which satisfies the T-weak WR with H, is 
shifted proportionally to the time parameter t in the Heisenberg picture. This fact bring us 
an image of time for T. We also see, from this form, that T is necessarily unbounded. It is. 
however, noted that in our investigation the T-weak WR in Eq. (^) is more convenient than 
in Eq. ([J. The connection among the Weyl relation (WR) |13j, the CCR and the T-weak 
WR is very important, when one considers whether a symmetric operator T, satisfying the 
T-weak WR with the Hamiltonian for some system, is the time operator. Recall that the 
latter is defined as a symmetric operator satisfying the CCR with the same Hamiltonian as 
in Eq. (^). In this respect, we put forward the next proposition. 

Proposition 2.1 : Let H be a Hilbert space, T be a closed symmetric operator on TC, and 
H be a self-adjoint operator onTi. If a pair of operators T and H satisfies the T-weak WR, 
then there is a dense subspace T> C Ti such that 

(i) V C Dom(TiJ) n Dom(iTT), 
(H) H : V -> V, 

(Hi) The CCR holds in the meaning of that TH — HT = i on Dom(TiJ) n Dom(iZT). 
Moreover, if T is self-adjoint, then the operators T and H satisfy the WR, 

Vs, Vi € R 1 . (8) 



sT e -itH _ & -ist e ~itH e -isT 
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The above (i), (ii), and (iii) are proved in the same manner as in the proof G3], by noting 
the strong continuity of Te~~ ltH ip, Vip <E Dom(T), by virtue of the T-weak WR, and the 
closedness of T, and also by considering the subspace spaned by the following subset of H, 
as a subspace V in this proposition, 

|V/ eH ipf.= j f(s)e- isH ipds, V/ £ CHR 1 ) and V<0 G Dom(T) j , 

where the integral is defined by Riemann's sense and thus a strong limit. The last part of 
the proposition is proved as follows. In the case of T being self-adjoint, we see, from the 
T-weak WR (|), that V0 G H and Vty> G Dom(T), 



Xd(c/),e ltH F(X)e- HH ij) = (<j>,e ltH T e - ltH ^) = ((f), (T + t)ip) 

R 1 



(\ + t)d(<f>,F(X)i>) = / Xd(</>,F t {X)^), 

R 1 JR 1 

where {T(-B) | B G B 1 } is the spectral measure of T, B 1 is the ex-field which is generated by 
all open sets of R 1 , and F t (B) := F({\ - 1 | A G B}). From the uniqueness of the spectral 
resolution, this means that e itH F(B)e- ltH = F t (B), for all t G R 1 . Then it follows that 
VipeH and Vs G R\ 

{iP,e ztH e- lsT e- ltH ij) = / e- lsA d e Jtff F(A) e - ltH 7/>) = / e- IsA d ty, F t {\)^) 



R 1 JR 1 
R 1 

By using the polarization identity, we can obtain the WR (||) . According to von Neumann's 
uniqueness theorem, with respect to the solution of the WR Jl3| , we had better to define 
T, which appears in the T-weak WR, as a symmetric operator, to allow the operator H 
(corresponding to the Hamiltonian) to be bounded from below. We note here that if a 
symmetric operator T satisfies the T-weak WR with some self-adjoint operator H, then the 
closure of T, denoted by T, also satisfies the T-weak WR with the same H . This is easily 
verified by usual calculation. It is guaranteed, from this proposition, that a symmetric 
operator T, satisfying the T-weak WR with the Hamiltonian for some system, is the time 
operator, and thus it is significant to examine the T-weak WR in the general analysis of the 
time operator. As a summary, we remark again that the following relations, 

WR =S> T-weak WR =*> CCR 



hold, in the sense of Proposition 2.1, even though, in general the converses do not hold, as 
is already mentioned in Sec. |. 



III. THE AHARONOV-BOHM TIME OPERATOR 

Let us consider the Hilbert space T 2 (R 1 ). The operator T on T 2 (R 1 ) in Eq. (|), 

To ■= \ {QP- 1 + P- l Q) , 

is defined in its domain Dom(To) := Dom(<5P _1 ) n Dom(P _1 Q), where P is the momen- 
tum operator on L 2 (R 1 ) for the 1DFPS, and P^ 1 its inverse. In the axiomatic quantum 
mechanics, P is defined as P := —iD Xl where D x is a differential operator on T 2 (R 1 ), 
and its domain consists of the L 2 -functions which belong to AC(R 1 ), and satisfy that their 
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derivatives are also included in L 2 (R}) Q. AC(Cl) (CI is an open set of R 1 ) is the set of 
functions on CI, which are absolutely continuous on all bounded closed intervals of CI. The 
free Hamiltonian f/g for this system is Ho := P 2 /2. The position operator Q on L 2 (R 1 ) is 
defined as an operator of multiplication by x on L 2 (R 1 ), denoted by M x , and its domain 

consists of L 2 - functions, defined by ip, such that / ^^(x)! 2 dx is finite. It is noted that 

in the definition of To, P 1 is well defined and becomes a self-adjoint operator on L 2 (R 1 ). 
This is because, for any self-adjoint operator A, if its inverse A -1 exists, A^ 1 should be 
self-adjoint |l5|j . In our case, P^ 1 exists since P is an injection, i.e., Ker(P _1 ) = {0}, where 
Ker(A) := {tp e Dom(A) | A^j = 0}. 

In the momentum representation of Tg, we have 

FToF- 1 = 1 (iD k M 1/k + M 1/k iD k ) 

and its domain 

Doii^FTqF- 1 ) = Dom(D k M 1/k ) n Bom(M 1/k D k ) 

= {ip€ Dom(M 1/fc ) | M 1/k ^ G Vom(D k ) } 

n G Bom(D k ) | D k 4, G Dom(M 1/fc ) } , (9) 

where F is the Fourier transformation from L 2 (R}) onto L 2 (Rj,), and the use has been 
made of the relations FQF^ 1 = iD k , FPF^ 1 = M k , and FP- 1 F~ 1 = M 1/k . At first sight, 
Dom(To) seems to be rather restricted, because of the existence of P _1 in the definition of To. 
The following simple example by Kobe may be considered to support this anticipation. 

Example 1 : Let us consider the functions <t> n {k) '■= k n N n e~ a " k2 G T 2 (Rjf,), where n G Z, 
n > 0, a,Q > and N n is a normalization factor. We see that for any integer n > 2, 
4> n G Dom(TTgT _1 ). The action of FTqF^ 1 on each <fi n (n > 2) is, by direct calculation, 

FT F-Vn(*) = - [(2n - l)/c"- 2 - 2a /c' 1 - 1 - 200/0"] N n e- a ° e . 

In the case of n = 0, 1, however, the right-hand side of the above equation is formally not 
square integrable, and thus (f>o, 4>i ^ Dom(FToF _1 ). 

Notice that in spite of this example, Dom(Tb) is dense in i 2 (R 1 ). This can be seen from 
the fact that the subspace C\ is included in Dom(FToF^ 1 ) and is dense in T 2 (R^,). C\ is 
defined as 

d := G C °°(R^) I supp V C R^\{0} } , (10) 

where supp rp denotes the support of ip, i.e. the closure of {k G Rj. | i/j(k) ^ 0}. Therefore 
the adjoint operator of To, denoted by Tg , can be defined. Then, To is symmetric, because 

To d \ {(QP- X T + (P- X QT) ^ \ ((P-'TQ* + Q^p- 1 )*) = T Q , 

where we have used the fact that Q* = Q and (T -1 )* = P^ 1 . It is noted that T and H do 
not satisfy the T -weak WR, T Q e- ltH ° = e- ltH ° (T + 1), Vt G R 1 . Because Dom(TT T _1 ) 
in Eq. (^) is not invariant under the action of e~ JtMfc2 / 2 for all t ^ 0, that is for any 
t ^ 0, there is some vector ip G Dom(TT T _1 ) satisfying e~ JtMfc2 / 2 V> £ Dom(TT T _1 ). For 
instance, consider the following i 2 -function g of k G Ri , 




(fc^O) 
(k = 0) 
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where 1/2 < s < 3/2. Then g is C°°-function. One can see that g £ Dom(TToT 1 ), however, 



-HM 



> 2 /*g £ Dom(FT F~ 1 ), Vt ^ 0. This follows from the fact that e~ ltM " 2 / 2 g £ Dom(D fc ), 
Vi 7^ 0. We here introduce a symmetric extension of Tq on L 2 (R 1 ), denoted by To, which 
will satisfy the To-weak WR with Hq, and is defined, in the momentum representation, as 
follows, 



DomOFToT- 1 ) := < ip £ L 2 (Kl) 



i/> £ AC(R} k \{0}), lim 
dip(k)/k 



i>{k) 



dk 



fc^O |fe|V2 

1 dip(k) 2 
k dk 



= 0, and 



dk < 



and its action, 



FT F-^j(k) 



i_ / #(fc)/fc 
2 V & 



1 

k dk ) 



a.e. fc S Rfc\{0}, VV» € Dom(TT T~ 1 ). (11) 



It is seen that Dom(TToT v ) is a subspace of T 2 (R^), and FTqF 1 is a linear operator on 

Proposition 3.1 : Tq is a symmetric extension of Tq. 
Proof : FTqF -1 being symmetric follows from that 



(0,oo) 



- (k) i (dm/k 



2 V dk 



■ £ Dom(TT T~ 1 ) 

l #(fc) \ fc /• -i / #(fc)/fc ltffifc) 
~k dk ) ' J(o.oo) 2 \ dk k 



dk 



i>{k)dk 



% I lim : lim | = U, 

ih^oo aXO a 



where lim^oo (j>(b)ip(b)/b = and lim a | (f>(a)ip(a)/a = are used. The former is brought 
from the integrability of (f>(k)ip(k), and the latter from the boundary conditions of 4>(k) 
and tp(k) at the origin. By considering the left half-line in the same manner, we can ob- 
tain that W, £ Dom(FT^T _1 ), l<j>, FT F~ 1 ?p\ = (fTqF- 1 ^,^) , that is, FTqF^ 1 is 



symmetric. To see that To is an extension of To, i.e. To D Tq, it is sufficient that every 
i/j £ Dom(TToT _1 ) satisfies the boundary condition at the origin, which appears in the def- 
inition of Dom(TToT _1 ). This is easily verified as follows. Consider a ip £ Dom(TToT _1 ) 
in Eq. (||) , then ip(k)/k belongs to AC(R^), and thus, Urrifc_>o ip{k)/k exists. Thus 
lim fe ^o |^(fc)/|fc| 1 /2| = M^o \k\V*\il>(k)/k\ = o. □ 
This operator may be more understood, from the view of the energy representation which 
was emphasized by Egusquiza and Muga, and many other authors (see Q and the references 
therein) . 

It is, now, noted that Dom(To) is an invariant subspace of e~ ltH °. Because, for every 
i/j £ DomiFToF- 1 ) and t £ C ( Im t < 0), lim fc ^ e- itk2 / 2 ip(k)/\k\^ 2 = 0, and for almost 
everywhere k £ RjL\{0}, 



i ( de- uk2 / 2 ^{k)/k | 1 de- uk2 / 2 jj(k) 



dk 



dk 



te- uk2 ^(k)+e- ttk2 / 2 



1 fdip(k)/k 

2 V dk 



1 d^{k)\ 
k dk ) ' 



where the right-hand side is square-integrable. Therefore e 



-itM, 



/ 2 tp is included in 



Dom(TToT 1 ), and, as a result, Tq can satisfy the To-weak WR with Hq, 



T e 



-itffn 



e- UHo (T + t), Vi S C (Im t < 0), 



(12) 



G 



whereas Tq does not satisfy the Tg-weak WR with Hq. It is seen that Tq is not self-adjoint. 



Because, if it was so, To and Hq would have to satisfy the WR from Proposition 2.1. The 
latter is however in contradiction to the nonncgativity Hq > 0. 

Consider the subspace C; in Eq. (J]~0|) . It is easily seen that C; is an invariant subspace 
of FTqF- 1 , that is, FTqF- 1 : d -> d. Thus FTqF^ 1 can act any times on d. In 
the position representation, this property is described as To : F~ 1 C- 1 — » F~ 1 C 1 where 
F~ 1 C[ := {ip G i 2 (R 1 ) | ip = F~ lr q. rj £ Ci}. Ci may be regarded as an important subspace 
which determines the property of To. Indeed, using the To-weak WR in Eq. jl^), we can 
obtain the following statement: 

Proposition 3.2 : For any nonnegative integer n, m and for any ip,4> E Ci, 

d m {(j),e~ ltH °ip) 



lim \t\ 

t — »±OC 



dt" 







That is, the probability amplitude, (6,e itH °ip\, is a rapidly decreasing function of t e R 1 . 

Proof : Let ip, <f> £ T _1 Ci. Since T _1 Ci is an invariant subspace of To, thus Tq<P,TqiP G 
F~ 1 C i . By using Eq. (pi), we have 



(4>, e~ UH °T^) = (4>, (T - t)e- UH «yj) = (t <P, e~ itH °ip) - t (cf>, e~ UH ^) , (13) 

where (•, •) denotes the inner product in T 2 (R 1 ). Note that W> € T 2 (R X ), 
w- limt^ioo e~ ltHo ip — [jlfj), because Hq is (spectrally) absolutely continuous |Q. This 

means that lim^ioo (^p, e~ ltH "T ip' K j — lim t ^±oo (r Q (f>, e~ ltH °ip\ — 0, which leads to the 

relation \im t _ f ± OQ t (d>, e~ °ip\ = 0. In order to show that for any integer n > 2 and for 

any ip, <p G C u lim t ^ ±0o t n ((p,e~ UH °ip) = 0, we observe that % K : F^d ->■ F^d, and 
that the following relations similar to Eq. (13) hold for every neN: 

(<f>,e- itH °% = (To - t) n+1 e~ UH °^ 

n / 1 1 \ 

fc=0 ^ ' 

Then lirut— >±oo i™ (^>, e^ ltHo ip') = is proved recursively for any integer n > 2. In order to 
show that (0, e~ %tH °i\i) is infinitely differentiable on R 1 , it is sufficient to use the fact that 
Vip € T _1 Ci, e~ °ip is infinitely and strongly differentiable on R 1 , and T _1 Ci is also an 
invariant subspace of H , that is, H n : F~ 1 C l — > T _1 Cj. □ 
We note that V^, G Ci, (0, e~ UH °ip') converges to as f — ► ±00, rapidly than any 
inverse-power of t. This fact is not trivial and is seen from the next example. 

Example 2 : Define the survival probability of ip as a function of t G R 1 , i.e. P^{t) := 
I (ip, e~ ztH °ip) | 2 , where ip is an arbitrary element in L 2 (Rj.). Then, for a particular n , n > 2 

in Example]!], P<f, n (t) = (l + ^ 2 /16a§) " and this converges to as t — ► ±00 as, at most, 
a power function of £. 

From the above statement and example, we may expect that there is a connection between 
To (or To) and the survival probability. This expectation is also inspired from the works 
done by Bhattacharyya |l7|] . 
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IV. CONNECTION BETWEEN THE TIME OPERATOR AND THE SURVIVAL 

PROBABILITY 



If we assume the existence of a symmetric operator T which satisfies the T-weak WR with 
the Hamiltonian for some system, i.e. the time operator, several statements are derived, in a 
rigorous form, which concern to the connection between the time operator and the survival 
probability. Before deriving these statements, we introduce a few definitions. Let T be a 
symmetric operator on the Hilbert space TL and define 

CZV=(^I», (AT)^:=||(r-(T)^)^||, W>GDom(T), (14) 

where (•, •) denotes the inner product in TL, and || ■ || the norm in TL, defined by this inner 
product. (T)^ and (AT)^ are respectively called the expectation and standard deviation of 
T with respect to the state i/j. 

Theorem 4.1 : Let T be a symmetric operator on TL, and H be a self-adjoint operator 
on TL. Then if a pair of operators T and H satisfies the T-weak WR, the inequality ^) 
holds. 

Proof : Let us define self-adjoint operators cos(iTJ) := (e itH + e~ ltH ) /2 and sin(tiT) := 
(e ttH — e~ ltH ) /2i. Then, from the T-wea WR in Eq. (§), we can obtain two commutation 
relations 

[T, cos(tff)] = -itsm(tH), [T, sm(tH)] = it cos(tff). (15) 

From the above commutation relations, we can derive the uncertainty relations. From the 
first relation in Eq. (|l5|), we have that 

(AT)* || cos(tli>|| 2 > - |(V, [T,co S (tH)}^)\ 2 = t |l m <^e- iU ty)| a , 



Wtp <£ Dom(T), Vi G R 1 . Similarly, the second relation in Eq. ( |l5| ) gives us an inequality 

+2 

(AT)* \\sm(tH)i;\\ 2 > - |Rc (iP,e~ ttH ^)\ , E Dom(T), V< € R 1 . 



Adding these inequalities together, and taking into account of the relation || cos(^7?)V'|| 2 + 
|| sin(iif)i/>|| 2 = ||t/>|| 2 , the inequality (^|) can be obtained. □ 
Two corollarys follow from the inequality (JsJ) . 

Corollary 4.2 : Let T be a symmetric operator on TL, and H be a self-adjoint operator on 
TL. Then if a pair of operators T and H satisfies the T-weak WR, T has no point spectrum. 

Proof : Suppose that there existed an eigenvector tp £ Dom(T) belonging to an eigenvalue 
A e R 1 of T, that is, T0o = Ho and ||V>o|| = 1. Then we see that (AT)^ o = 0, from the defi- 
nition in Eq. @. It follows, from Theorem[y], that (tp , e" 4 * ff Vo) = 0, Vi G R^jO}. Since 
e -itH - lfj s t r ongly continuous at any t £ R 1 , we have that HV'oll 2 = limt->o (V'o, &~ ltH ^o) = 0, 
and this is in contradiction to the premise. Thus T has no point spectrum. □ 

Corollary 4.3 : Let T be a symmetric operator on TL, and H be a self-adjoint operator on 
TL. If a pair of operators T and H satisfies the T-weak WR, then H has no point spectrum. 

Proof : Since Dom(T) is dense in TL, for each if) G TL there is a sequence {ip n }^Li C 
Dom(T), satisfying ip n — » ip, n — > oo. It follows that 



< lle^VllllV'-V'nll + ||e- <tH Vn|| 

<(W + 11^11)11^-^11, 



ttif 



■0n)| 



and thus, 



i — >±oo 

(M + 11^11)11^-^11, 



limsupK^e-^)! <limsup|<^ n ,e- lt ^n)| + (11^11 + 11^11)11^-^1 

t — >±oo 



where we use the inequality (||) and ip n € Dom(T), in the last equality. Note that above 
inequality holds for any n £ N. Thus, in the limit n — > oo, we obtain that 



Wtp e H, lim U, e~ itH Tp) = 0. 



(16) 



This means that H has no point spectrum. Because if H has non-empty point spectrum, 
say A G R 1 , then there is a corresponding eigenvector if>\, which satisfies Hip\ = 
Obviously 4>\ does not satisfy the above condition ([If]). □ 
Moreover, it is seen that H is absolutely continuous, under the same assumption as in 
Corollary 4.2. Its proof is, essentially, based on the theorem in |l£fl . For later convenience, 
we here introduce the closed subspace of Tt, with respect to a self-adjoint operator H on H, 
that is, H ac {H) := {V e H | ^E{-)^\\ 2 is absolutely continuous }, where {E{B) \ B € B 1 } 
is the spectral measure of H . 

Theorem 4.4 : Let T be a symmetric operator on Ti, and H be a self-adjoint operator 
onTL. If a pair of operators T and H satisfies the T-weak WR, then 



\E{B)ij)\\ 2 < \\Tip\\ | 



\B\ 



(17) 



for all ip € Dom(T) and all B € B 1 , where \B\ is the Lebesgue measure of B. In particular, 
H is absolutely continuous. 

Proof : Let us, first, derive the inequality that, Ve > 0, VA <E R 1 , and Vip 6 Dom(T), 

|Im(0,i?(A + ie)V)| <7r||2>||||V||, (18) 

where R(X ± ie) := (if — (A ± ie)) -1 . It is seen that 



i Tm{ij),R(X + ie)ip) = - 



R 1 



R 1 



A' - A - ie A' - A + ie 

^ e _«(V-A-fc) +e it(A'-A+fc)j (ft 



e' et (ip,cost(H- \)ip)dt 



lim 

-510 J s 



(?/>,[T, smf(#- A)]V>)cft, 



(19) 



where, Fubini's theorem has been used in the third equality, and Eq. ( Jl~5| ) in the last. To 
evaluate Eq. (|i~9|), it is sufficient to see that 



lim 



(Tt/j, sint(H — X)i/j) dt. 



(20) 



We define, here, a function / (e, A) : (0, oo) x R 1 — > R 1 , as follows, 
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,/ f°° ef sin<A , 

/(e,A) := / e" et — - dt. 
Jo 1 

/(e, A) is continuous on (0, oo) x R 1 , because of the fact that \e~ et smtX/t\ < e~ et |A| for 
any t > 0, and of the use of the dominated convergence theorem. Furthermore, since 
Ve > 0, VA g R 1 e _e *siniA is integrable on [0, oo), /(e, A) is differentiable with respect to 
any e > 0, for each fixed A. Thus, it is obtained, through the partial integrations, that 
VA ^ 0, 

def(e,X) 



Al + e 2 /A 2 ' 

Note that VA g R 1 , lim e ^oo f(e, A) = 0, we obtain 

'^-^-Uu^jv*- <21) 

where each ± corresponds to the sign of A. From this expression, /(e, A) is bounded, i. e. 
|/(e, A)| < tt/2. Eq. © is expressed by f(e, A), 



lim / (Tip, smt(H - X)ip) dt = lim 

S10 Js t 510 J s 



lim 

W Jri 



sint(A' - X)d(Tip,E(X')ip) 

R 1 



_ et sini(A'-A)_ 



dt 

d{Ti,,E(X')i>) 



e~ et -dt 

t 

f(e,X'~X)d(T^j,E(Xyj) 

R 1 

= {Tip,f(e,H-X)i>), 

where Fubini's theorem is used in the second equality, and the dominated convergence 
theorem is in the third. Substituting above relation into Eq. (|l9|), 

* Im (if,, R(X + ie)i>) = (Tip, f(e, H - A)V) - (f(e, H - A)V, Tip) . 

Note that \\f(e,H- A)|| < tt/2, then Eq. ( Ill) is obtained. Eq. @ follows from Eq. djj) 
through Stone's formula. By virtues of Eq. (|17|) and the denseness of Dom(T) in Tt, it is 
seen that H is absolutely continuous. □ 



V. ABSENCE OF MINIMUM-UNCERTAINTY STATES 

When a pair of operators T and H satisfies the T-weak WR, the following uncertainty 
relation between them 

(A7%(A!^> I V^eDom(TZ0nDom(flT) (Ml = 1) (22) 
is automati cally derived, from the CCR between T and H, the validity of which foll ows from 



Proposition 2.1 (a more detailed explanation will be given in the proof of Theorem 5.1). For 
operators Q and P in Sec. it is well known that there is a state tp g Dom((5P)nDom(PQ) 
(IIV-'ll = 1), which minimizes the uncertainty, that is, a Gaussian packet. The following 
statement, on the contrary, shows that, under some additional conditions, there is no state 
%p g Dom(Tff) n Dom(HT) (\\tp\\ = 1) which satisfies the equality in Eq. @. 



Theorem 5.1 : Let T be a symmetric operator on H, H be a self-adjoint operator on 
Tt, and these operators satisfy the T-weak WR. Then if H is non negative and if the T-weak 
WR is analytically continued for all t g C ( Im t < 0), the equality in Eq. ( j2^ ) can never 
be satisfied by any xp g Dom(TiJ) n Dom(iiT) (|| = 1). 
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In order to prove this theorem, let us first consider two lemmas. 

Lemma 5.2 : Let T and H be symmetric operators on Ti, and they satisfy the CCR 
TH - HT = i, on a subspace of Dom(TH) n Dom(-HT), denoted by V. Then neither 
eigenvector ofT nor that of H belongs to T>. 

Proof : Assume that an eigenvector of T, ^ 0, belonging to an eigenvalue A exists 
in V. Then Tip x = and thus we have (ip x , (TH - HT)ip\) = 0. On the other hand, 

the condition in this lemma requires that (ipx, (TH — HT)ip\) = i\\ip\\\ 2 ^ 0. Thus the 
subspace T> contains no eigenvector of T. The rest of the proof for H can be done, as in the 
same way for T. □ 

Lemma 5.3 : Let T and H be symmetric operators on Ti., and them satisfy the CCR 
TH - HT = i, on a subspace of Dom(TiJ) n Bom(HT), denoted by V. If a state 77 € V 
(WvW = -U an d a paj'r of complex numbers a, b € C, satisfying the following two equalities 

(T + aH + b)t) = 0, (23) 
(Trj, H V ) + (H V , T V ) - 2 (T) v (H) n = 0, (24) 

exist, then Re a = and Im a > 0. 

Proof : Let 77 be a state which satisfies the conditions in this lemma. Then we have that 

(T-q, Hrf) + (Hr), Trj) = (rj, (HT + i)rj) + (Hr), Trj) = i - 2a||iJry|| 2 - 2b (77, Hrj) . 

From Eq. j23|), we also have that 

2 (1% (H) n = -2 ( V , (off + b) V ) ( V , Hr,) = -2a ( V , H V ) 2 - 2b ( V , Hr,) . 

Therefore the condition Eq. (|24|) leads us to the relation 

i-2a\\Hri\\ 2 = -2a(r h H?]) 2 . (25) 

Let us consider the real and imaginary parts of the above equality separately. It follows, from 
the real part (Re a)||7J?7|| 2 = (Re a) (77, Hrf) 2 , that Re a = 0. This is because if Re a 7^ 0, 
then |j-fff?|| 2 — (ri,Hrj) = and this means that r) is an eigenvector of H, belonging to 
the eigenvalue (r,,Hr,), in spite of the premise 77 G T> (\\r,\\ = 1). This is in contradiction to 
Lemma |5~2| . It is also seen, from the imaginary part, 1 — 2(Im a^ji/^H 2 = — 2(Im a) (77, Hrf) 2 , 
that Im a > 0. □ 
Proof of Theorem |j| : Let ip £ Dom(TiJ) n Dom(iJT) and ||V>|| = L Since the T-weak 
WR holds for T and H , the CCR in Eq. (g) follows. Then the uncertainty relation between 
T and H, in Eq. (|22j), is derived as 

(AT)^(AH)^ = \\(T-(T)^iP\\\\(H-(H)^iP\\ 
((T-(T)^,(H-(H)^)ip) 

Im {(T-(T)^,(H-(H)^) 

= ~\(TiP,HiP)-(HiP,TiP)\ = l . 

In the second line, which is nothing but the Cauchy-Schwarz inequality, the equality holds 
if and only if there exists a complex number a £ C, satisfying 

(T - (T)JiP + a(H - (H)JiP = 0. 
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In the third line, the equality holds if and only if 



Re ((T - (T)^)tp, (H - = {Tip, H1>) + {Ht/j, T^> - 2 (T)^ (H) 



In order to show that no t/> G T)om(TH) n DomjHT) = 1) can satisfy the equality in 
the uncertainty relation between T and H, in Eq. (P2|), it is sufficient to see that, above 
two conditions can not be satisfied simultaneously, for any ijj e Dom(TH) n Dom(iJT) 
= 1) and for any a G C. Observe that these conditions take just the same form as the 



two equalities (|23|) and (24) in Lemma 5.3 



Let us now assume that there exist such a state r\ G Dom(TiJ) n Dom(_ffT) = 1), 
and a pair of complex num bers a, b E C, that satisfy both of Eqs. fl23) and (|24j), and derive a 



contradiction. Lemma 5.3 implies that the parameter a is pure imaginary and is expressed as 
a = iq, q > 0, to lead Tr\ + iqHj] + brj = 0. Then we must have th at — q (rj, Hrj) = Im b < 0, 
because (77, Trj) G R 1 and H > 0, (see the conditions of Theorem [5.l| ). It is also noted that 
e~ ltH is bounded and e~ ltH H C He~ itB , for all * G C (Im i < 0). Then it follows that 
Te~ ltH -q = e- ltH {Tr] + trj) = (~iqH -b + t)er ltH r). Since Im b < and Im * < 0, we can 
put t = b and obtain Te~ %bH r\ = —iqHe~ lbH r). It is here noted that e~ lbH r\ 7^ 0, because 
e -ibH j g an m j ec -t;i 0I1 an d 77 7^ 0. This is seen from the following relations, 

||e-^|| 2 = f \e- ibX \ 2 d\\E(X)r,f > [ ^-^^^(A^H 2 

J[0,oo) J[0,N] 

-ib\\2 I 1 1 1 c/\\„||2 „-2 Im b\N / j|Iip/\\„I|2 



> inf \e-^f / d\\E(X)r,r=e-^ b r / d ||£;(A)„| 
Ae[o,iV] J [0jN] J [0<N] 

where {E(B) \ B G B 1 } is the specral measure of H , N is an arbitrary natural number, and 
we have used the fact that the spectrum of H should be included in [0, 00), because H > 0. 

Providing that e~ lbH rj = 0, one would obtain that = lirn/v->oo / < ^II^'(^) 7 7|| 2 — WvW 2 ? 

J[o,N] 

which contradicts 1 1 -77 1 1 = 1. By taking the inner products between e~ %bH r\ and each side of 
Te~ lbH -q = ~iqHe- tbH T], we have 



(e- ibH r),Te- im r)) = -iq(e- lbH r ] ,He~ lbH 7 1 ) . 

Notice that the both sides of this equality have to vanish. Since q > and e~ lbH r\ 7^ 0, we 
have that = (e- ibH r), He- lbH rj) = (H 1 ^ 2 e - lbH r 1 ,H 1 / 2 e- lbH r 1 ) = WH 1 /^ 1 ' 11 ^]] 2 , where 
H 1 ' 2 is a self-adjoint operator, satisfying H = H 1 / 2 ^/ 2 and H 1 / 2 > 0. Thus H e - lbH r] = 0. 
It is also seen that eT im r) G Dom(TH) n Dom(-HT), because 77 G Dom(Tff)n Dom(HT). 



The se facts are in contradiction to Lemma 5.2. Therefore, Eqs. (E3|) and (E4) in Lemma 



5.3 can not be satisfied simultaneously. This means that the equality, in the unc erta inty 

□ 



relation between T and H in Eq. (|22j), never holds under the condition of Theorem 5.1 

The question about minimum-uncertainty states is motivated by the following result by 
Kobe @], 

hm (An) (AH ) F .^ n = \ , 

where n (n > 2) is defined as in Example [|. Note however, that <f> n does not converge 
in L -norm, as n — > 00. This Kobe's result implies the absence of minimum-uncertainty 
states. This result was also derived by Wigner Q anc ^ Baute et al Q , in different ways 
from ours. It should be notified that the absence of minimum-uncertainty states expresses 
a crucial difference between the Weyl relation and the T-weak WR. 
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VI. CONSTRUCTION OF THE TIME OPERATORS FOR GENERAL QUANTUM 

SYSTEMS 



We first summarize the several results so far obtained about the time operator To in Eq. 
ffl), or an its extension % in Eq. (O), for the 1DFPS. 



Example 3 : To satisfies the To-weak WR with Hq , as is seen in Eq. ( |l2| ) . Then we have 
the following properties about To. 

(i) The inequality (^|) between (^AToj and the survival probability of ip holds for all 
ip £ Dom(T^) (Theorem [O]). 



(ii) Tq has no point spectrum (Corollary 4.2 ) 



(iii) The inequality holds for all V G Dom(T ) and all BeB 1 (Theorem 4.4) 



(iV) The uncertainty relation ([22|) between Tq and Hq holds on Dom(Toifo) H Dom(iJoTo) 



(Proposition 2.1). although there exists no state in Dom(ToiJo)nDom(i?oTo), which satisfies 



equality in the uncertainty relation between To and Hq (Theorem 5.1). 

It is seen, from the above (i), that the Gaussian packet F<pQ in Example [l] is not included 
in Dom(To). Because, for large \t\, the survival probability of the Gaussian packet for the 
1DFPS decays with an inverse-power law \t\ , and this is in contradiction to the behavior 
of the survival probability predicted by the inequality (||). It is, however, noticed that this 
kind of estimation about the domain Dom(To) is valid for one dimensional case. Because, as 
the dimension becomes higher, the survival probability decays faster, in general than \t\~ 2 . 

We also obtain, from the inequality @ for Tq and Hq, that 



2V2(AT J^ >T h {iP), (26) 

where T h {f) is defined as T h (ip) := sup jf > \(ip, e~ ltH °ip)\ 2 = 1/2}, Vip G Dom(Tb) 

(|| ^|| = 1). This relation is important, to give the direct connection between (ATo) and 

the measurable quantity Th(ip), although we don't know whether To itself is an observable. 
Let us also consider the physical meaning of the above (iii). The following inequality is 
derived from Eq. (|l7|), 

\\e Ho {bW < (j^)^\B\ 

for all ip £ Dom(To) (||^|| = 1) and B £ B 1 , because of the fact that the T -weak WR is 



not changed, with replacing To by To — (^o) ■ Note that ||_Eh (£?)V>|| 2 is the probability 
which one finds a measured energy- value in the range B for the fixed ip. Suppose that 
^ATo^j is small, then the probability \\Eh (B)iP\\ 2 should be uniformly small for all B £ 

B 1 . This concludes that the probability distribution \\Eh (O^ll 2 nas a broad deviation, for 
WEhoCR 1 )^ 2 — 1. Hence (^AH ^j must be large and this result is consistent with the 
uncertainty relation. 

In order to see the existence of the other quantum systems, than the 1DFPS, for which 
a time operator exists, let us recall the results obtained by Putnam, in the theory of 
Schrodinger operators |22|. According to this theorem, if a potential V(x) is a real- valued 
measurable function on R 1 satisfying < V(x) < const, a.e. and V(x) £ i 1 (R 1 ), then 
Hq and Hi := Hq + V(x) defined on L 2 (R 1 ) are absolutely continuous, and furthermore 
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the wave operators U± := s-\\m t ^±oo e ltHl e ltH ° exist and are unitary operators satisfy- 
ing Hi = U±H U±. For our purpose, we first define the operators Ti,± :— U±T U± on 
i 2 (R 1 ), where U± are the wave operators defined in this Putnam's theorem. Then Ti t ± are 
symmetric and satisfy the Ti^-weak WR with Hi, i.e. 

Ti t± e~ itHl = e- UHl (T 1>± + t) , 

which are nothing but the unitary transformations of Eq. (|l2|). These operators T\_± arc 
the time operators we have sought for other quantum systems than the 1DFPS, and they 
satisfy all the properties, described in Example^, with this H\. 

For a quantum system which allows bound states, we can also construct a time operator 
satisfying the T-weak WR with the Hamiltonian H, by restricting it to act on the set of 
scattering states. The latters are usually identified with the subspace Tt ac (H) of the Hilbert 
space 7i under consideration. Because, in this case, the wave operator (if exits) is not a 
unitary operator on TL in general, that is, the range Ran(t/±) becomes a proper subspace 
of TL. In fact, according to Kuroda f23j] , if the potential V(x) is a real- valued measurable 
function on R 1 satisfying V(x) E L 1 (R n ) n L 2 (R"), n < 3, and the Hamiltonian Hi on 
i 2 (R 1 ) is defined as Hi :— Ho + V(x), then the wave operators U± exist and are complete, 
i.e. Ran([/±) = T 2 c (iJi), where T 2 c (iJi) is a subspace in i 2 (R 1 ), similarly defined as 



Hac(-ff) just before Theorem 4.4 . As in the same way for Putnam's theorem, by the use 
of the wave operators U± defined for Hq and Hi in this Kuroda's theorem, we can define 
the operators Ti t ± := U±TqU± on L 2 c (iJi) and their domains, Dom(Ti j ±) := U±Dom(T ). 
Then they are symmetric operators on L 2 c (f/i), and satisfy 

T lt ±e~ imi -* c = e - itHl ^ (T 1)± + t) . 

Hi MC is defined as Hi MC :— Hi\^2 = U±HqU±, and is called the (spectrally) absolutely 
continuous part of Hi [ fL2f . By the unitary equivalence, Example || is also valid for the pair 
Ti t ± and Hi ac . We can not, however, extend these Ti t ± to the densely defined symmetric 
operators on L 2 (R 1 ), so that they satisfy the Xi^-weak WR with Hi, when Hi has a point 



spectrum, i.e. (Hi) ^ {0}. This is because such an extension contradicts Corollary 4.3 



and Theorem 4.4 



VII. CONCLUDING REMARKS 



Analyzing the T-weak Weyl relation (T-weak WR) in Eq. (Q), and obtaining several 
statements about the time operator, we have seen that the Aharonov-Bohm time operator 
To in Eq. jl|) (or an its symmetric extension Tq in Eq. (|ll]) ) is characterized by the To-weak 
WRinEq. (03). We have, in particular, recognized the fact that the time operator is deeply 
connected to the survival probability. In relation to t his conside rab le connection, we would 
like, first, to revisit the inequality (||) in Theorem 4.1 , Theorem 4.4 , and their implications. 

The inequality (^|) is important to bring us a possibility of understanding the time operator 
from the two different points. The first point is related to the measurement of the survival 
probability. Since the inequality ( p6| ) derived from the inequality (^[) gives the quantitative 
relation between the standard deviation of the time operator To and the maximum half-time 
of the survival probability in the 1DFPS, we may associate the time operator in quantum 
systems, with both the real and theoretical measurements of the survival probability. An- 
other point is related to the connection with the d ynam ics of quantu m sy stems. In order 
to see this possibility, we may refer to Proposition 3.2, and Corollary 4.3 which is one of 
the applications of the inequality (||) . These facts imply a possibility of associating the time 
operator (or its domain), with the scattering state and its dynamics, through the survival 
probability. 



As a remark on Theorem 4.4, the following suggestion by Putnam should be recalled, that 
is, the existence of the absolutely continuous part of the Hamiltonian can be inferred from 
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the behavior of specific observables |M . He considered the following system, in which there 
is a self-adjoint operator Aq satisfying A t = Aq + tl, V< € R 1 , where A t :— e ltH A^e~ ttH 
and H is the Hamiltonian for this system. He showed that H must be _absolutely continuous 
(note that this is the case to which the last statement in Proposition [2.l| is applicable) . The 
essence of its proof, that is, the uniqueness of the spectral resolution of Aq, also implies 
that if Aq is maximally symmetric (not necessarily self-adjoint), H must be absolutely 
continuous. Because Aq is u niqu ely represented by the generalized resolution of identity 
p5| . In this context, Theorem 4.4 is a generalization of the above statement by Putnam, to 
non-maximally symmetric operators. 

The proof of the absolute continuity of H , which satisfies the T-weak Weyl relation with T, 
depends on Eq. (17). It is similar to the following inequality which was derived by Putnam 
|26| and Kato on the study of the commutator of the form, [H, iA] — C, where H, A and 
C are bounded self-adjoint operators, and C > 0, 

\\C 1/2 E h (B)iIj\\ 2 <\\A\\\\iP\\ 2 \B\, V^> G TL \/B e B 1 . (27) 

It is seen thatEq. @ 

is an unbounded case of theirs, and is not trivial. Because one can not 
replace directly C with the identity, for both bounded H and A. They s howed, t hrough Eq. 
(|27|), that H is absolutely continuous, provided that Ker(C) = {0}, i.e. Ran(C) = TL. This 
statement is sometimes valid when the above H and A are unbounded, however, its proof 
originates in the more fundamental notion, T-smoothness rather than the inequality like 
the above one, and the appropriate technique. Lavine applied it to Schrodinger operators 
in an especially good manner j[o|, |Tlj ]. It should be noted that his work is closely 
related to the our problem. He found self-adjoint operators A which satisfy [H, iA] = C, 
with a certain class of Schrodinger operators H and positive bounded C. In the case of 
the absolute continuity of the free Hamiltonian Hq, we can choose the self-adjoint operator 
A ■= (f(P)Q + Q/(P))/2, where f(P) := P{P 2 + 5 2 )- 1 and C := Pf(P). When 5 > 0, A 
is self-adjoint, because Ker(A* =p i) = {0}. And also C is bounded and C > 0. They satisfy 
[i?o,i^4] = C and one can consider the case that a parameter S approaches to 0, which is 
just A = Tq. Hence this scheme has the advance in the approach to the absolute continuity 
of Hq and its connection with the Aharonov-Bohm time operator Tq. 
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